In the real market, as unsatisfied demands occur, the longer the length of lead time is, the smaller the proportion of backorder would be. In order to make up for the inconvenience and even the losses of royal and patient customers, the supplier may offer a backorder price discount to secure orders during the shortage period. Also, ordering policies determined by conventional inventory models may be inappropriate for the situation in which an arrival lot contains some defective items. To compensate for the inconvenience of backordering and to secure orders, the supplier may offer a price discount on the stockout item. The purpose of this study is to explore a coordinated inventory model including defective arrivals by allowing the backorder price discount and ordering cost as decision variables. There are two inventory models proposed in this paper, one with normally distributed demand and another with distribution free demand. A computer code using the software Matlab 7.0 is developed to find the optimal solution and present numerical examples to illustrate the models. The results in the numerical examples indicate that the savings of the total cost are realized through ordering cost reduction and backorder price discount.
Introduction
In real life, the occurrence of shortage in an inventory system is phenomenon. Under the most market behaviors, we can often observe that many products of famous brands or fashionable goods such as certain brand gum shoes, hi-fi equipment, and clothes may lead to a situation in which customers may prefer to wait for backorders while shortages occur. Besides the product, the image of selling shop is one of the potential factors that will motivate the customers intention of backorders. To establish the good image and enhance customers' loyalty, the selling shop could invest in upgrading the servicing facilities, maintaining the high quality of selling products and spending money on advertisement. Other endeavors, such as mailing the greeting card and providing free gift, can also be done to establish a good relationship with their customers. We note that such type of activities is not certainly free. Naturally, an extraadded cost must be spent for these efforts. Further it is expected to have a result to reduce the shortage cost of lost-sales and the total expected annual cost. Under the situation, for a vendor, how to control an appropriate length of lead time to determine a target value of backorder rate so as to minimize the relevant inventory cost and increase the competitive edge in business is worth discussing. As a result by shortening the lead time, we can lower the safety stock, reduce the stockout loss, and improve the service level to the customers so as to increase the competitive edge in business. The issue of lead time reduction has received a lot of interest in recent years. With such characteristics, researchers have modified traditional inventory models to incorporate the implementation of lead time concepts.
Liao and Shyu [1] presented a probabilistic inventory model in which the lead time is a unique decision variable and the order quantity is predetermined. Ben-Daya and Raouf [2] extended this model by considering both lead time and order quantity as decision variables. Ouyang and Wu [3] assumed the lead time demand to be any cumulative distribution with known and finite first and second moments, and a procedure is developed to find the optimal lead time 2 Journal of Optimization and the optimal order quantity for the inventory problem with a mixture of backorders and lost-sales. Ouyang et al. [4] presented a continuous review inventory system with partial backorders by considering both the lead time and the ordering cost as decision variables. Ouyang and Chuang [5] considered a mixed periodic review inventory model in which both the lead time and the review period are considered as decision variables. Ouyang et al. [6] formulated and solved an integrated inventory model with controllable lead time. A lot of work has been done to develop some optimization models and algorithms in various decision environments for continuous inventory problems with variable lead time, such as Yang et al. [7] , Lee [8] , Hoque and Goyal [9] , and Annadurai and Uthayakumar [10] .
As unsatisfied demands occur, practically, we can often observe that some customers may prefer their demands to be backordered, and some may refuse the backorder case. There is a potential factor that may motivate the customers' desire for backorders. The factor is an offering of a backorder price discount. In general, provided that a supplier could offer a backorder price discount on the stockout item by negotiation to secure more backorders, it may make the customers more willing to wait for the desired items. In other words, the bigger the backorder price discount, the bigger the advantage to the customers, and, hence, a larger number of backorder ratios may be the result. Pan and Hsiao [11] presented integrated inventory model with controllable lead time and backorder discount considerations. Lee et al. [12] developed a joint inventory decision model with variable lead time and ordering cost. Lin [13] analyzed the inventory model in which the lead time and ordering cost reductions are interdependent in the continuous review inventory model with backorder price discount. In the research conducted by Uthayakumar and Parvathi [14] , not only lead time and setup cost, but also yield variability was assumed to be variable. Besides, the backorder rate was assumed to be controllable through the amount of expected shortage. In their models, all the capital investments were assumed to be subject to logarithmic function. In a recent paper, Annadurai and Uthayakumar [10] took the imperfect quality into account and developed a continuous review inventory model involving variable lead time and setup cost. In their paper, they discussed normal distribution model and distributionfree model. Sarkar et al. [15] derived an EOQ model for various types of time-dependent demand when delay in payment and price discount are permitted by suppliers to retailers.
In reality all manufacturing industries try to produce products with acceptable quality but in the long run it is difficult to produce perfect quality items due to various causes like machine breakdowns, labor problems, and shortages of raw materials. In the classical inventory model, it is implicitly assumed that the quality level is fixed at an optimal level; that is, all items are assumed to have perfect quantity. However, in the real production environment, it can often be observed that there are defective items being produced due to imperfect processes. The defective items must be rejected, repaired, reworked, or, if they have reached the customer, refunded.
In all cases, substantial costs are incurred. Paknejad et al. [16] presented a quality-adjusted lot-sizing model with stochastic demand and constant lead time. In their paper, the shortages are allowed and fully backordered and the defective rate in an order lot is fixed. Ouyang and Wu [17] considered lead time and order quantity as decision variables for the mixture of lost-sales and backorder inventory model with shortages. Wu and Ouyang [18] studied ( , , ) inventory model with defective items. In their paper, they derived a modified mixture inventory model with backorders and lostsales, in which the order quantity, the reorder point, and the lead time are decision variables. Sana et al. [19] derived an imperfect production process in a volume flexible inventory model with reduced selling price for defective items. Sarkar et al. [20] discussed an inventory model in an imperfect production process and employed the control theory to obtain an optimal solution. Sarkar et al. [21] established an EPQ model with stochastic demand with the production of defective items. Lee et al. [22] developed a computational procedure of an inventory model with defective units where the order quantity and lead time are assumed as decision variables. In a recent paper, Skouri et al. [23] considered a single-echelon inventory installation under the classical EOQ model with backorders and studied the effects of supply quality on cost performance. In their paper they discussed an alternative setting where entire supply batches may be defective (below quality standards) and therefore rejected on arrival.
However, to the best of our knowledge, there exists no literature considering the collaborative inventory system in a supply chain with defective arrival units and backorder price discount. Therefore, the paper focuses on establishing collaborative inventory system under the above said concepts. Therefore, the proposed model further fits a more general inventory feature in many real-life situations. In this paper we develop an inventory model including defective arrivals by allowing the backorder price discount as a decision variable. It is assumed that the supplier may offer a backorder price discount to the patient customers with outstanding orders during the shortage period to secure customer orders. Furthermore, the inventory lead time can be shortened at an extra crashing cost and ordering cost can also be reduced by capital investment. We discuss two models, namely, one with normally distributed demand and the other with generally distributed demand. For each model, we develop a separate computational algorithm with the help of the software Matlab 7.0 to find the optimal ordering strategy.
The remainder of this paper is organized as follows. Section 2 describes the notations and assumptions employed throughout this paper. We formulate an integrated inventory model including defective arrival with backorder price discount and ordering cost reduction in Section 3. Here, both normal distribution model and distribution-free model are discussed. Furthermore, for each model, a separate algorithm is developed to obtain the optimal solution. Numerical examples are provided in Section 4 to illustrate the results. Finally, we draw some conclusions and give suggestions for future research in Section 5.
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Notations and Assumptions
The proposed model is developed based on the following assumptions and notations. 
Assumptions.
We assume the following assumptions to develop our model.
(1) Inventory is continuously reviewed. Replenishments are made whenever the inventory level (based on the number of nondefective items) falls to the reorder point .
(2) An arrival may contain some defective items. We assume that the number of defective items in an arriving order of size is a binomial random variable with parameters and , where (0 ≤ < 1) represents the defective rate in an order lot. Upon arrival of an order, all the items are inspected and defective items in each lot will be returned to the vendor at the time of delivery of the next lot. 
The supplier makes decisions in order to obtain profits. Therefore, if the price discount is greater than the marginal profit 0 then the supplier may decide against offering the price discount.
(8) During the stockout period, the backorder ratio is variable and is proportional to the backorder price discount offered by the supplier per unit. Thus, = 0 / 0 , where 0 ≤ 0 < 1 and 0 ≤ ≤ 0 (see Pan and Hsiao [11] ).
(9) Upon an arrival order lot with a defective rate , the entire items are inspected and all defective items are assumed to be discovered and removed from order quantity . Thus, the effective order quantity (i.e., the quantity of nondefective or salable items) is reduced to an amount equal to (1 − ).
(10) Inspection is nondestructive and error-free.
Mathematical Formulation
We assume that the lead time demand has the p. 
where / (1 − ( )) is the expected order number per year (see, e.g., Schwaller [24] ),
( ) is the mean of random variable , and ( − )
+ is the expected demand shortage at the end of cycle.
In this model, we consider the ordering cost as a decision variable and seek to minimize the sum of the capital investment cost of reducing order cost and the inventory related costs by optimizing over , , , , and constrained 0 < ≤ 0 , where 0 is the original ordering cost. Now, the supplier's capital investment is 0 ( ) where 0 is the fractional opportunity cost of capital per year and follows a logarithmic investment function given by ( ) = ln( 0 / ) for 0 < ≤ 0 , where 1/ is the fraction of the reduction in per dollar increase in investment. This logarithmic investment function is consistent with the Japanese experience as reported in Hall [25] and has been used by Nasri et al. [26] and others. Thus, (1) becomes JTEAC ( , , , , )
Moreover, during the stockout period, the backorder ratio is variable and is proportional to the backorder price discount offered by the supplier per unit. For example, = 0 / 0 , where 0 ≤ 0 < 1 and 0 ≤ ≤ 0 . Thus the backorder price discount offered by the supplier per unit can be treated as a decision variable instead of the backorder ratio . Hence (2) can be transformed into JTEAC ( , , , , )
3.1. Normal Distribution Model. We assume that the lead time demand follows normal distribution which has a probability density function ( ) with finite mean and standard deviation √ . We may recall that = + √ , where is the safety factor and the expected shortage quantity ( − )
+ at the end of the cycle can be expressed
and ( ) and Φ( ) denote the standard normal probability density function and cumulative distribution function, respectively. Hence (3) can be transformed to JTEAC ( , , , , )
over ∈ [0, 0 ) where 1 ≤ 0 < 1 and 0 ≤ ≤ 0 . To solve this problem, taking the first order partial derivatives of EAC ( , , , , ) with respect to , , , , and ∈ [ , −1 ], respectively, we obtain JTEAC ( , , , , )
JTEAC ( , , , , )
where ( ) = ( ≥ ) and is the standard normal variable. Consider JTEAC ( , , , , )
By examining the second order sufficient conditions, for fixed ( , , , ), JTEAC ( , , , , ) is concave in
Therefore, for fixed ( , , , ), the minimum joint total expected annual cost will occur at the end points of the interval [ , −1 ]. On the other hand, by setting (6) equal to zero and solving for , we obtain
Similarly by setting (8) to zero and solving for , we get
Substituting (12) into (5) and setting it to zero, we obtain
where ( ) = 1−2 ( )+ ( 2 )+(2ℎ /ℎ) ( (1− )). Again, substituting (12) into (7) and setting it to zero, we get
For fixed [ , −1 ], by solving (11)- (14), we can obtain the values of ( , , , ) (denote these values by ( * , * , * , * ), resp.). The following proposition asserts that, for fixed Proof. Refer to Appendix A.
In order to examine the effects of on the joint total expected annual cost, we take the second order partial derivative of JTEAC ( , , , , ) with respect to and obtain . As a result, the search for the optimal ordering cost * is reduced to find a local minimum. Since it is difficult to find an explicit general solution for ( , , , ), we establish the following computational algorithm to find the optimal solution of ( , , , , ) denoted by ( * , * , * , * , * ).
Computational Algorithm 1. One has the following.
Step 1. For each , = 0, 1, 2, . . . , , perform Step 1.1 to Step 1.5.
Step 1.1. Start with 1 = 0 and 1 = 0 .
Step 1.2. Substituting ( 1 ) and 1 into (13) evaluates .
Step 1.3. With the help of determine 2 from (11), from (12), and ( 2 ) from (14).
Step 1.4. Checking ( 2 ) from normal table, find 2 and hence ( 2 ).
Step 1.5. Repeat Steps 1.2 to 1.4 until no change occurs in the values of , , , and .
Step 2. Compare with 0 and with 0 .
Step 2.1. If ≤ 0 and ≤ 0 , then and are feasible. Go to Step 3.
Step 2.2. If > 0 or > 0 , then and are not feasible. For given , take = 0 and = 0 and solve the corresponding values of ( , , ) from (13), (14) , and (12) iteratively until convergence, and then go to Step 3.
Step 3. For each ( , , , , ), = 0, 1, 2, . . . , , compute the corresponding joint total expected annual cost JTEAC ( , , , , ) by utilizing (4).
Step 4. Find the value of Min =0,1,2 
Distribution-Free Model.
In practical problems, the probability distribution of the lead time demand information is often quite limited. A decision maker can identify the mean value and variance of the lead time demand. But the exact probability distribution may be unknown. Due to insufficient information, the expected shortage ( − ) + value is unknown and, hence, the optimal value of ( , , , , ) cannot be found. To overcome this problem, the assumption about the normal distribution of the lead time demand is relaxed and we only assume that the lead time demand has been given with finite first two moments. For ( , , , , ) .
For this purpose, we need the following proposition which was asserted by Gallego and Moon [27] .
Proposition 2. For any
∈ Ω,
Moreover, the upper bound (16) is tight.
Substituting = + √ , we have
and, for any probability distribution of the lead time demand , the above inequality (17) always holds. Then using the inequality (17) and (3) and considering the safety factor as a decision variable instead of , the cost function can be expressed to minimize JTEAC ( , , , , )
over ∈ [0, 0 ) where 1 ≤ 0 < 1 and 0 ≤ ≤ 0 and JTEAC ( , , , , ) is the total expected annual cost for the distribution-free case and is the least upper bound of ( , , , , ). Take the first order partial derivatives of 
By examining the second order sufficient conditions, for fixed ( , , , ), JTEAC ( , , , , ) is concave in ∈ [ , −1 ] because JTEAC ( , , , , )
Therefore, as in the normal distribution case, here also, for fixed ( , , , ), the minimum joint total expected annual cost will occur at the end points of the interval [ , −1 ]. On the other hand, by setting (20) equal to zero and solving for , we obtain
Similarly by setting (22) to zero and solving for , we get
Again, substituting (26) into (19) and setting it to zero, we get
where ( ) = 1 − 2 ( ) + ( 2 ) + (2ℎ /ℎ) ( (1 − )). Substituting (26) into (21) and setting it to zero, we get
For fixed [ , −1 ], by solving (25)- (28), we can obtain the values of ( , , , ) (denote these values by ( * , * , * , * ), resp.). The following proposition asserts that, for fixed [ , −1 ], the point ( * , * , * , * ) is the optimal solution such that the joint total expected annual cost has a minimum value. Proof. Refer to Appendix B.
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In order to examine the effects of on the joint total expected annual cost, we take the second order partial derivative of JTEAC ( , , , , ) with respect to and obtain JTEAC ( , , , , )/ 2 = 0 / 2 > 0. Therefore, JTEAC ( , , , , ) is convex in , for fixed ( , , ) and [ , −1 ] . As a result, the search for the optimal ordering cost * is reduced to find a local minimum. Since it is difficult to find an explicit general solution for ( , , , ), we establish the following computational algorithm to find the optimal solution of ( , , , , ) denoted by ( * , * , * , * , * ).
Computational Algorithm 2.
One has the following.
Step 1. For each , = 0, 1, 2, . . . , , perform Step 1.1 to Step 1.4.
Step 1.2. Substituting 1 into (27) evaluates 1 .
Step 1.3. With the help of 1 determine 2 from (25), from (26) , and 2 from (28).
Step 1.4. Repeat Steps 1.2 to 1.3 until no change occurs in the values of , , , and .
Step 2.2. If > 0 or > 0 , then and are not feasible. For given , take = 0 and = 0 and solve the corresponding values of ( , , ) from (27), (28), and (26) iteratively until convergence, and then go to Step 3.
Step 3. For each ( , , , , ), = 0, 1, 2, . . . , , compute the corresponding joint total expected annual cost JTEAC ( , , , , ) by utilizing (18) .
Step 4. Find the value of Min =0,1,2,..., JTEAC ( , , , , ) and set JTEAC ( * , * , * , * , * ) = Min =0,1,2,..., JTEAC ( , , , , ); then ( * , * , * , * , * ) is the optimal solution.
Once we have the optimal solution ( * , * , * , * ), then the optimal reorder point * = * + * √ * is obtained.
Numerical Examples
In order to illustrate the proposed solution procedure and the effects of ordering cost reduction by investment as well as lost-sales rate reduction through backorder price discount, let us consider an inventory item with the same data as in Pan and Hsiao [11] . with data shown in Table 1 . Besides, the defective rate in an order lot has a beta distribution with parameters = 1 and = 4; for example, the p.d.f. of is
Hence, the mean of is ( ) = /( + ) = 0.2 and ( 2 ) = ( + 1)/( + )( + + 1) = 0.0667 and the variance is equal to
Example 1.
Suppose that the lead time demand follows a normal distribution. Applying the proposed computational algorithm 1 yields the results shown in Table 2 for 0 = 0.2, 0.4, 0.6, 0.8. Further, a summary of the optimal solutions is tabulated in Table 3 and to see the effects of ordering cost reduction as well as backorder price discount, we list the results of model with fixed ordering cost and without backorder price discount in the same table. From Table 3 , comparing our new model with that of fixed ordering cost and without backorder price discount case, we observe the savings, which range from 18.48% to 20.01%.
Example 2.
The data is the same as in Example 1, except that the probability distribution of the lead time demand is unknown. Applying computational Algorithm 2, we obtain the results shown in Table 4 and the summarized optimal values are tabulated in Table 5 . Here also for comparison, the optimal results of the no-investment policy (without backorder price discount) are listed in the same table. The results of Table 5 show that, for the worst distribution of the lead time demand, it is advisable to invest in ordering cost reduction and allow backorder price discount to secure orders during the shortage period. From Table 5 , comparing our new model with that of no-investment case, we observe that 15.84% to 18.45% of savings can be achieved due to ordering cost reduction as well as backorder price discount.
From the above examples, it is noted that the savings of joint total expected annual cost are realized through ordering cost reduction and backorder price discount. It is also seen that when the upper bound of the backorder ratio 0 increases, joint total expected annual cost decreases.
Furthermore, we examine the performance of distribution-free approach against the normal distribution. If we utilize the solution ( * , * , * , * , * ) obtained by the distribution-free case instead of utilizing ( * , * , * , * , * ) for the normal distribution model, then the added cost will be JTEAC ( * , * , * , * , * ) − JTEAC ( * , * , * , * , * ). This is the largest amount that we would be willing to pay for knowledge of p.d.f. and this quantity can be regarded as the expected value additional information (EVAI) and a summary is presented in Table 6 . It is noted that the cost performance of the distribution-free approach is improving as 0 gets larger.
In practice, this ordering cost reduction model with backorder price discount at a retailer is more matched to real life supply chains. For example, in India, small scale industries spend an extra added cost by means of investment as well as allowing backorder price discount and it is expected to have a result to reduce the shortage cost of lost-sales and the joint total annual expected cost. Again the goal of justin-time (JIT) from the inventory management standpoint is to produce small-lot sizes with reduced lost-sales and order cost. Investing capital in shortening lead time, reducing order cost, and allowing backorder price discount are regarded as the most effective means of achieving this goal and also we can lower the safety stock, reduce the out of stock loss, and improve the customer service level so as to gain competitive advantages in business.
Concluding Remarks
In the real market, as unsatisfied demands occur, the longer the length of lead time is, the smaller the proportion of backorder would be. Under probabilistic demand, inventory shortage is unavoidable. In order to make up for the inconvenience and even the losses of royal and patient customers, the supplier may offer a backorder price discount to secure orders during the shortage period. Also, ordering policies determined by conventional inventory models may be inappropriate for the situation in which an arrival lot contains some defective items. The purpose of this paper is to examine the effect of defective arrivals on an integrated inventory model by allowing the backorder price discount and order cost as decision variables. We first assume that the lead time demand follows a normal distribution and then relax this assumption by only assuming that the first two moments of the lead time demand are given and then solve this inventory model by using minimax distribution-free approach and, for each model, separate efficient computational algorithm is constructed to find the optimal solutions. Our algorithm is easy to use and mathematically sound.
Since the marketing environment is continuously changing, corporate strategy must be adjusted accordingly. If the ordering cost could be reduced effectively and if orders could be secured well, the total relevant cost per unit time could be automatically improved. On the other hand, if the buyer permits seller bigger backorder price discount, then it will be allowed to promote the service level and to reduce total expected annual cost. This paper fulfills the above literature gaps. Since our criterion is supported by the numerical examples, from the practical point of view, it is valid and useful to the competitive business.
By computing the proposed models, specifically, from the results of numerical examples, we observe that a significant amount of savings can be easily achieved. Also it shows that when there is an investing option of improving the system, it is advisable to invest. Computational results reveal the serious impact of inferior supply quality on system cost as well as the sensitivity of the system parameters. This model contributes an application in an inventory system consisting of ordering quantity, inspections, and defective items. The proposed model further fits a more general inventory feature in many real-life situations. In future research on this problem, it would be interesting research topic to deal with the inventory model with a service level constraint.
Appendices
A. Proof of Proposition 1
We want to prove the Hessian matrix of JTEAC ( , , , , ) at point ( * , * , * ) for fixed and ∈ [ , −1 ] is positive definite. We first obtain the Hessian matrix H as follows: and JTEAC (⋅) = JTEAC ( , , , , ).
Then we proceed by evaluating the principal minor determinants of H at point ( * , * , * ). Now, the first principal minor determinant of H is (A. 5) we see that |H 33 | > 0. Hence, it is concluded that the Hessian matrix H is positive definite at point ( * , * , * ).
B. Proof of Proposition 3
We want to prove the Hessian matrix of JTEAC ( , , , , ) at point ( * , * , * ) for fixed and ∈ [ , −1 ] is positive definite. We first obtain the Hessian matrix H as follows: and JTEAC(⋅) = JTEAC( , , , , ) Then we proceed to evaluate the principal minor determinants of H at point ( * , * , * ). Now, the first principal minor determinant of H is 
